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THE 0 PROBLEM ON DOMAINS
WITH PIECEWISE SMOOTH BOUNDARIES
WITH APPLICATIONS

JOACHIM MICHEL AND MEI-CHI SHAW

ABSTRACT. Let © be a bounded domain in C™ such that € has piecewise
smooth boudnary. We discuss the solvability of the Cauchy-Riemann equation

(0.1) du=a in Q

where « is a smooth d-closed (p, q) form with coefficients C>° up to the bundary
of Q,0 <p<nandl<qg<n. In particular, Equation (0.1) is solvable with
u smooth up to the boundary (for appropriate degree q) if Q satisfies one of
the following conditions:

i) Q is the transversal intersection of bounded smooth pseudoconvex do-
mains.

i) Q=0 \ﬁg where (22 is the union of bounded smooth pseudoconvex do-
mains and §2; is a pseudoconvex convex domain with a piecewise smooth
boundary.

iii) Q=0 \ﬁz where Qg9 is the intersection of bounded smooth pseudocon-
vex domains and €27 is a pseudoconvex domain with a piecewise smooth
boundary.

The solvability of Equation (0.1) with solutions smooth up to the boundary
can be used to obtain the local solvability for 9, on domains with piecewise
smooth boundaries in a pseudoconvex manifold.

Let Q be a bounded domain in C™ such that €2 has a piecewise smooth boundary.
In this paper we study the solvability of the Cauchy-Riemann equation

(0.1) Ou=a in Q,

where «a is a smooth d-closed (p, q) form with coefficients C° up to the boundary
of ©,0 < p<nandl < gq <n. In particular, we prove that Equation (0.1) is
solvable with « smooth up to the boundary (for appropriate degree q) if €2 satisfies
one of the following conditions:

i) Q is the transversal intersection of bounded smooth pseudoconvex domains.

i) Q = Q;\ Qp, where Qs is the union of bounded smooth pseudoconvex domains
and ; is a pseudoconvex domain with a piecewise smooth boundary.

i) Q=0 \ﬁg, where 5 is the intersection of bounded smooth pseudoconvex
domains and 2 is a pseudoconvex domain with a piecewise smooth boundary.

The boundary regularity problem for d has been studied extensively by two very
different methods: by L? a priori estimates and by the integral kernel approach.
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The L? method was first used by Kohn [15] in studying the boundary regularity
of the 9 equation when € is smooth and strictly pseudoconvex. He established the
existence and regularity for the 9-Neumann operator and obtained subellipitic esti-
mates in the Sobolev spaces for the solutions. Regularity results for the d-Neumann
operator have also been obtained for a wide class of other pseudoconvex domains
with smooth boundaries (see Kohn [17], Catlin [3] and Boas-Straube [2]). Thanks
to Hormander’s (see [13]) L? existence theorem for 9, the d-Neumann operator is
known to exist for any bounded pseudoconvex domain. On the other hand, re-
cent results have shown that the d-Neumann operator can be irregular on certain
pseudoconvex domains with C° boundaries (see Barrett [1] and Christ [5]). It is
also known that the 9-Neumann operator on domains with nonsmooth boundaries
does not preserve C*° smoothness (see Michel-Shaw [24]), even for domains with
piecewise strictly pseudoconvex boundaries. When ) is pseudoconvex with C'*°
boundary, the 9 equation was studied in Kohn [16] using the weighted 0-Neumann
operator. Thus the method of L? a priori estimates for the (weighted) O-Neumann
operator has yielded many important results on the local and global boundary reg-
ularity of Equation (0.1) when the domain is pseudoconvex with C*° boundary. On
the other hand, this method is not easily adapted to nonsmooth domains.

The integral formula approach was pioneered by Henkin [9] and Grauert-Lieb [8]
for strictly pseudoconvex domains. They obtained uniform and Holder estimates for
the solution of 9 on such domains. The integral formula was extended subsequently
to analytic polyhedra (see Henkin [10]) and piecewise strictly pseudoconvex domains
(see Polyakov [27], [28] and Range-Siu [30]), where uniform and Hélder estimates
were obtained. The C* estimates for d on strictly pseudoconvex domains were
studied in Lieb-Range [18] and by Michel [20] in the piecewise smooth case.

In this paper, we combine the two approaches to study the boundary regularity
of O on domains with piecewise smooth boundaries. We first use the L? method
to construct certain barrier functions which satisfy a certain growth condition for
smooth pseudoconvex domains, using the weighted d-Neumann operator. Then we
use the barriers to construct kernels for the homotopy formula on piecewise smooth
domains. Since the main ingredient in the kernel approach is the Stokes’ theorem,
one can extend the construction for smooth domains to piecewise smooth domains
along the lines of the previous work in the strictly pseudoconvex case. As a result,
we have obtained solutions of 9 smooth up to the boundary for the transversal
intersection of bounded smooth pseudoconvex domains. We should mention that
when €2 is pseudoconvex with a special Stein neighborhood basis, the C*> regularity
was obtained by Dufresnoy [7] (see also Chaumat-Chollet [4]).

We also construct kernels for the annuli between two piecewise smooth domains.
When € is an annulus between two smooth bounded pseudoconvex domains with
C* boundaries, such results have been obtained in Shaw [31]. It was first proved by
Hortmann [14] that one can construct a homotopy formula for the annulus between
two strictly pseudoconvex domains. Recently Michel-Shaw [25] have extended this
result to the case when Q = Q5 \ Q5 and the boundary of Qs is pseudoconvex with
only C? boundary. When €;, € have piecewise smooth strongly pseudoconvex
boundaries, Equation (0.1) was studied in Michel-Perotti [22], [23].

The O problem on piecewise smooth domains is not only interesting in itself,
it also arises from the local solvability of tangential Cauchy-Riemann equations.
Let w be an open subset of the boundary M of a bounded smooth pseudoconvex
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domain in C™. We consider the equation
(0.2) du=a in w,

where « is a smooth 9y-closed (p,q) form on @, 1 < ¢ < n — 3. We show that
when the boundary Ow lies locally in the transversal intersection of M with k
Levi-flat hypersurfaces, then one can find a smooth solution u satisfying (0.2) for
1 < g <n-—Fk-—2, provided these k£ hypersurfaces satisfy some global conditions.
This is the first result for solvability of 9, on pseudo-convex hypersurfaces with
piecewise smooth boundaries. Previous results (cf. Henkin [11], Shaw [32], [33],
Michel-Shaw [26]) all require that the boundary be smooth and that dw lie in some
Levi-flat hypersurface. Thus our result is much more general even for the smooth
boundary case.

The proof of local solvability for Equation (0.2) depends on solving the 0-
equation on piecewise smooth domains with compact support, which is equivalent
to solving 0 on an annulus with piecewise smooth boundary such that the solutions
are smooth up to the boundary (see Theorem 3 and Corollary 3.1). At the end
of this paper we shall give examples to show that our results are sharp in the ap-
propriate sense. Explicit kernels for 9, on a domain in a convex hypersurface with
piecewise smooth boundary have been constructed recently by Vassiliadou [36].

The plan of this paper is as follows: In section I we derive a homotopy formula
for 9 on a domain with a piecewise smooth boundary using the barrier functions
constructed in Michel [21]. In section II we construct a homotopy formula on an
annulus such that {25 is the union of finitely many smooth pseudoconvex domains.
The proof depends on the barrier functions constructed recently in Michel-Shaw
[25]. We then use induction to construct a solution for Equation (0.1) when €y
is the transversal intersection of finitely many smooth pseudoconvex domains. In
section III we prove the solvability of Equation (0.2) with regularity up to the
boundary on a domain w, using results proved in sections I and II.

This paper was brought to a conclusion while both authors were visiting the
Mathematics Institute at the University of Bonn. They would like to thank Pro-
fessor Ingo Lieb for his kind invitation.

I. HOMOTOPY FORMULAS FOR O
ON PIECEWISE SMOOTH PSEUDOCONVEX DOMAINS

Let D;,i=1,--- ,k, be bounded pseudoconvex domains in C" with C*° bound-
ary 0D;. Let p; be a C* defining function for D;, i.e., D; = {z € C" | p;(2) < 0}
and Vp; # 0 on 0D;. Let D = ﬂle D; be the transversal intersection of the D;’s.
We shall call D a piecewise smooth pseudoconvex domain in C™ if

dpi, A -+ Ndpi, # 0

on {z € dD|p;; = -+ = pij, =0} forevery 1 < i3 <ig < -+ < ip < k. In
this section we construct a homotopy formula for d on such D. When D; is strictly
pseudoconvex, the homotopy formulas were constructed in Polyakov [28] and Range-
Siu [30]. We refer the readers to these papers and to the books of Henkin-Leiterer
[12] and Range [29] for the details of the construction of the kernel.

Let U; be an open neighborhood of D;. It follows from Michel [21] that for
each D; there exist an increasing sequence 0 < to < --- and a C® mapping w® :
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D; x (Ui \ D;) — C" satisfying
(L.1) (2,0 =0, 36— 2l (z,0) = 1

and the estimates
: : C(s)
(12) w90 L+ | V(.0 b o S for every s € NU {0},
where ¢ € U; \ D;, | |s denotes the C*(D) norm and C(s) does not depend on (.
(1.2) also implies that w®(-,¢) is in (C*>(D;))".
We define some special Cauchy-Fantappie forms with w,(,i).
Let

ZII_EV
wi(z,¢) = Tc—2p’ 1<v<n,

and
wo(2,6A) =D Awi (2,0),
j=0

wherever this is defined. "
1

Let w be the column vector <

Wn,

). For 0 < ¢ <n —1, we define

n—1
q

Qp g = (—1)q( ) det(w,gzw, e ,gzw,gc,,\w, . ,5¢7>\w) ANdCL A - ANdC,.

q times n—q—1 times
Set 2y, =, —1 = 0. It follows that
Ocx Qg = (=110, 41
and
de AU A g) =U AN Qg1 +9UNQny for UeC, (D).
For every ordered subset I = {i1,--- i} of {1,---,k} we define
Sr={x€dD|pi(x)=0foriel}

and choose the orientation on S; such that the orientation is skew symmetric in
the components of I and the following equations hold when D is given the natural
orientation:

k
oD =S5,
j=1

k
081 =Y Si;.
j=1

Let
A={A= Ao A, k) € RFFLIN > 0,00 + -+ A = 1}
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For each ordered subset J = {j1,--- ,jm} of {1,--- ,k}, we define
AJ:{/\EAlej:l}
JjeJ
The orientation of each A is chosen so that

m

_ v+1 -
8AJ - Z(_l) Ajy"ju“'jm’

v=1

where ]A,, means that j, is omitted. .
Let Dy be a small neighborhood of D such that for some small ¢g > 0, Dy =
{zeC" | pi(2) <€, i=1,---,k}. We define

SY={xc oDy |pi(x) =e foricl}
and
Ry={2€Dy|0<pi(2) == pi,(2) S €0, pj(2) < pis(2) for j ¢ I}.

We also require that the orientation on R; be skew symmetric in the components
of I and R = Ele R; = Do\ D. Tt follows (see Range-Siu [30]) that

k
OR; ZZRU—S]—FS?

j=1
and
a(Z(—l)IR] X AQ]) = ZR[ X A[ — R x AQ
(1.3) 1 !
+ Z(—l)mSI X Nor — Z(—l)'”S? X AOI,
I I
where the summation is over all ordered increasing subsets of {1,--- ,k}.

Following the Bochner-Martinelli-Koppelman formula, for any u € C(lo) 9 (D) we
have

(1.4) u(z):Cn< / UNQp g — / Ocu N Qg — 0, / u/\Qn,q_1>

6D><A[) DXAO DXAO
for z € D, where C,, = (—1)"»=1/2/(27i)". For a detailed proof of (1.4), see e.g.
Lemma 2.4 in Range-Siu [30] or Theorem 1.10 in Range [29].

For any V' € C5 +1)(D0 \ D) such that V' vanishes on dD and 90Dy, we apply
Stokes’ theorem to the form d¢ \(V AQ,, ) and the 2n-chain (3, (=1)IR; x Aop),
where ), is over all increasing ordered subsets of {1,2,---,k}. We use (1.3) and
the formula

deaA(VAQng) = =V AN0Qng1+ 0V AQnyg

to obtain

- / VA1 + / OV A Qg
Y (=DHIRrxAor S (—DHIR xAop

(1.5) = / vmn,q—/vmn,q.

ZI RIXAI RXAO
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Since the boundary of D is Lipschitz, for any a € C*°(D) there exists an ex-
tension Fa € C*(C"), and E« vanishes outside a neighborhood of D (see e.g.
Section 6.3 in Stein [35]). Furthermore, E is bounded from C*(D) to C*¢(C"),
where 0 < e < 1. Let f € Of&q) (D) and apply E to f componentwise, so that
supp Ef C Dy.

Applying the Bochner-Martinelli-Koppelman formula to F f on the region R, we
have, for z € D,

- / OEf AQpy =0, / EfAQpg-1+ / FAQ,
RXAO Rx /Mo aDXAQ

If V=0Ef — EJf, we have, using (1.4) for z € D,
- / VAQug=— / OEf A Qg+ / EOf AQy

RXAQ Rx /Mo RXAQ

(1.6) =0- / Ef N g1+ / FA Qg+ / EQf A Qg

Rx /g 0D XN Rx /g
=0, / EfAQpq1+ / EOf A Qg+ Cr f(2).
DoXAo DoXAQ

Since V' vanishes on 0D and 0Dy, we can apply (1.5) to obtain

Clf(z) = -0, / VAQ, -1
(=D Rr x Ao

(1.7) + / OV A Qg — / VAQug

S (=D Ry x Aoy S, RixAr

-9, / EfAQug-1— / EOf A Qg
Dox Ao Dox Do

Since each wl(,j) (¢, 2) is holomorphic in z for 1 < j < k and 1 < v < n, we have

Qpq=0 on Ry x Ay for ¢ > 0.
Thus we define
(1.8) Tof =—Cny / (DEf — EJf) A Q.o

I Rixn;

Tof =Co Y (1M / (OEf — EOf) A Qg1
I

(1.9) frxBor

~C, / EfAQuq_1.
DoXAQ

Then it follows from (1.7) that, for z € D,
(1.10) f=0Tyf + Tydf for feCF (D), 1<q<n,
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and
(1.11) f=Tof +Thf for f € C (D).

Theorem 1. Let D be a piecewise smooth pseudoconvexr domain in C™. For 1 <

q < n, there exist linear operators Ty : CF (D) — Clog- 1)( ) such that, for
every f € Cg (D D),
= 3qu + Tq+13f
where we have set T,,+1 = 0. When q = 0, there exists a linear operator Tj :
C>(D) — A>®(D) such that
f = TOf + Tlgfa

where A®(D) is the subspace of holomorphic functions in C*(D).

Corollary 1.1. Let D be the same as in Theorem 1. Let o € C(Oq (D), where

1<q<nand da =0 in D. There exists a u € CF 1)( D) such that Ou = o in
D.

Proof. Let T, be defined by (1.8) and (1.9). We only need to show that T,f €
C& =) (D). It is obvious that [, . Ef/\Q_nq 1 € Oy (D D). To show that
ijxAOI(ﬁEf EOf) A Qpqg—1 is in CE 4_1)(D), we note that V = OEf — EOf
vanishes to infinite order on dD. Letting d(¢) denote the distance from ¢ to 9D,
we have

(1.12) V()] < Cnld()|N  forany N €N.

Since 9D is Lipschitz, for any ¢ € Do\ D and z € D there exists a constant C > 0
such that

(1.13) I¢ = 2| = Cld(Q)],

where C' is independent of ( and z. Also, for any ¢ € Ry, there exists a C' > 0 such
that we have

(1.14) ()] = Cld(C)| for any i € T,

where C' is independent of ¢. It follows from (1.2) and (1.13), (1.14) that for any
s € N, there exist Cs, T such that

Cs
(1.15) 1Qg-1(- Qs <
! [a(Q)Ts"
The theorem follows from (1.12), (1.15) and differentiation under the integral sign.

|

II. BOUNDARY REGULARITY FOR O ON PIECEWISE SMOOTH ANNULI

Let Q be a bounded piecewise smooth pseudoconvex domain in C™. Let D; CC

Q, i =1,---,k, be such that each D; is a bounded pseudoconvex domain with
C? boundary dD; defined by {p; = 0}. We assume that dp;, A--- Adp;, # 0 on
piy =+ = pi, =0 for every I = (i1, -+ ,i¢), 1 <ip <.+ <ip <k. Let

k
p=a\ || JD:

=1
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Then D is the annulus between a pseudoconvex domain €2 and the union of finitely
many bounded pseudoconvex domains with C? boundary. In this section we con-
sider 0 on D with solutions smooth up to the boundary.

We shall construct a homotopy formula for @ on D. Since each D; has C? bound-
ary, it follows from Diederich-Fornaess [6] that there exist a C? defining function
pi and a v; > 1 such that ¢; = —(—p;)'/% is a bounded strictly plurisubharmonic
exhaustion function on D;. Let U; = 2\ D;and Wi=D; xU;, i=1,---,k. For
each nonnegative integer m, there exists a C” map

w(i)z(wgi),--- ,w,(f)) W — "

such that a) w((-,¢) is holomorphic for every ¢ € U;, and for each (z,¢) € W' we
have

M=

wl(f)(Z,C)(CN —2u) =1,
1

m

b) and there exists a constant C(m) such that for all I, with | I |< m, for all
¢ € U; any any z € Dy,

(2.1) | DIw®(2,0) | < C(m) dist (2,6D;)"Nm, i=1,--- k.

where Ny, = (5t2,+3|1|+1)/v;+2n, t,, = [2v max (4+3m, 2=1)+1] and [a] denotes
the largest integer j < a. Each w(? depends on m, though we do not indicate it in
the notation. Such a barrier function w® exists for each pseudoconvex domain with
C? boundary and was constructed in Theorem 1 in [25]. We set, for z € U;, ¢ € D,

P;S,Z)(Z7<):_w;(11)(<7z)7 7’217 7ka ,uzlv y 1.

Then P = (Pl(i), . ,Pff)) : U; x D; — C" is holomorphic in ¢ € D; for each
fixed z € Us. We set P)(2,¢) = (C, —Zu)/ | { =z [* for p=1,--- ,n, and we define

k
Pu(z,¢,0) =Y N PP(2,¢)
§=0

wherever it is defined, where A; > 0 and A\g + Ay + --- + A; = 1. In particular, if

Aip+++N, =1,z€ Dand ¢ € (N, _, D;,, then P, is well defined and holomorphic
Py

in ¢ if Ag = 0. Let P be the column vector ) For 0 < ¢ <n —1, we define

Py,
the double differential form
0
Qn,q = (_1)q<

n—1
q

) det(P,gzP, e ,EZP,EQ)\P, e ,gg))\P) ANdC A - ANdC,
q n—q—1
which is of degree ¢ in z and of degree 2n — ¢ —11in (¢, A). Set Q) , =Q) | =0

and Ule D; = R. For each increasing index I = (i1, ,i¢), 1 < ¢ <k, we define,
for small ¢y > 0,

J4
RY={z€ (| Di | —€0 < pi(2) =+ = pi,(2) <0, p;(2) = pi, (2)
v=1

for j ¢ I and z € D;}.
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Similarly as before, we require that the orientation on R9 be skew symmetric in
the components of I, and we define

k
Sr={z€d|JDi|pi(z) =0,iel}
=1
and
k
Si* ={z€d|JDi|pi(z) = —eo, i €T},
=1

and each S; and S7° is given the natural induced orientation. Then we have

k
OR) =Y R}, +S; — Sp°,
j=1

8(2(—1)”'(1%? X AOI)) = ZR(} X A[ — RO X AQ
I I

+ ) (=18 x Aor = (=155 x Aoy,
1 I
where the summation is over all ordered increasing subsets of {1,--- ,k}.
For any smooth forms a € Cg (D), since the boundary of D is Lipschitz,

there exists a componentwise extension Ea € C("g’ ) (C™), and Eo vanishes outside

a neighborhood of D (see Stein [35]). We shall assume that Ea is supported in
ﬂle{z € C" | pi(2) > —eo} for some small ¢y > 0. Setting g = dEa— Eda, we get
g=0on D, and g vanishes outside a neighborhood of D. We first assume « (and
thus g) vanishes on C™\ Q. For z € D, using similar arguments as before (applying
Stokes’ theorem on the 2n-chain 3, (—1)/I(RY x Ag;), we have

(2.2) - / g/\gzﬂ?hq_l + / gcg/\ﬂgﬁq
S, (=R x Agr Y (DRI X Aor
— 0 0
= / g/\Qn,q — / g/\Qn,q'
>r R(I)XAI ROx Ao

We note that since g A Qrol)q is a form of degree (n,q + 1) in ¢ variables and
dimpRY = 2n— | I | +1,
we have
(2.3) / gAY =0 if g+1<n—|I].
ROXA;

Using the same arguments as in (1.6), we have for z € D,
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Substituting (2.2) into (2.4) and using (2.3), we have for z € D, ¢+ 1 <n —k,

Cla(z) = -0, / Ea A Q - / Eda A Q
CnxNo Cnx Ao
(2.5) - / g 5292@_1 + / Ocg N Q%,q
ZI(—l)‘”R(I)XAOI Z](_l)‘”R(I)XAOI
Define
(2.6) Sém)a — On{ / g Qn g—1— / Fa A Qg,q_l}
S (=DIIRYx Aoy CnxNg

forl<g<n-—k-—1.
We have, for z € D,

(2.7) a=5"0da, aecCfy (D),
and
(2.8) a—@Sm)a—i—Sm)@a aECE"(iq)(E) and 1 <¢g<n-—k-1.

Thus we have derived the homotopy formula on D in the case when « vanishes
on C" \ Q. For the general case we need to modify the above construction. Let
A*(D) = C*>®(D) N O(D), where O(D) is the set of holomorphic functions in D.

Theorem 2. Let Q be a bounded pseudoconve:r domain in C™ with piecewise C*°
smooth boundary. Let D; CC Q, i =1,--- ,k, be a pseudoconvexr domain with C?

boundary and D = Q '\ (Uf:1 D;). We assume that the {D;}¥_, intersect transver-
sally. For1l < q < n—k and every nonnegative integer m there exist linear operators

S’lgm) Cogq)(_) — Cl5 1)(E) such that, for every a € Cf (D), z € D, we

have
a= 5§§m>a + Séﬂga, where 1 <g<n-—k—1.
When ¢ = 0 < n — k, there exists an operator Sy : C°(D) — A>®(D) such that
for every a € C*> (D),
a:5‘0a+5’§m)5a, 0<n—k—-1,
for any z € D.

Corollary 2.1. Let D be the same as in Theorem 2. If a € CF (_) and da = 0,

where 1 < g <n — k — 1, then there exists a u € O(o “— 1)( D) satzsfymg ou = a in
D.

Proof. Let Ea be a C™ extension of a to C" such that E« vanishes outside a
small neighborhood of D. Using the construction of the operator 7, in section I,
we define

SiMa = C,4 — / (0Ea — Eda) A Qg1
Y (=D)HIR xAor
+ / (8Ea—E8a)/\Q?Lq 1— / Ea/\Q?Lq 1}

21(—1)‘I‘R?XA01 Crx Ao
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for1<g<n-—k,and

Soar = C)y Z / (0Ea — Eda) A Q0.
I Rixag
From the above argument and the proof of Theorem 1, we see that the homotopy
formulas hold. To see that S(m a € CE (D), we use (2.1) and the same argu-
ments as in the proof of Theorem 1. Thus for each nonnegative integer m, there

exists a solution u,, € C (0.q— 1)(D) such that du,, = a in D. To extract a conver-

gent sequence from u,, in order to obtain a C'*° solution u, we repeat an argument
of Kohn (see also Michel-Shaw [26]). We omit the details. |

Next we want to prove the boundary regularity for 9 on an annulus between a
pseudoconvex domain and an intersection of smooth pseudoconvex domains. For

every increasing multi-index I = (i1, --,4,),1 <41 < -+ < i, < k, we define
= mDi' We set, for fixed 1 <y <k, 1< 75, <k,
icl

v
Q=) D, and A=0Q\Q,

where I = (i1, ,iy), v+ p <k, and j, ¢ I. We set Dy = C" and assume >
and A are connected We also assume that each Q\ {27 "*(D1N---NDx)N Dyt }
is connected for each 0 < ji < pu. We first prove the regularity for 0 on A.

Theorem 3. For every f € CF ) (A), where 1 < q < n—1—+, such that 0f =0
in A, there exists a g € O(O,q—l)(_) satisfying Og = f in A.

Corollary 3.1. For everya € C5 ) (C™) such that da = 0 in C™ and supp a C o,

where 1 < g < n — -y, there exists a u € Cé"(j_q_l)((C”) satisfying Ou = o in C™ and
suppu C Q.
In particular, we have the following important case when | I |= k—1 and v = 1.

Note that Dy = (5, D; if | I |=k

Theorem 3'. Let Q be a bounded pseudoconvex domain in C" with piecewise
smooth C* boundary. Let D; CC Q,i=1,--- ,k, be pseudoconvex domains with C*?
boundary, and G = Q\ (ﬂle D;). For every 8 closed f € CF (G),1<qg<n-2,
there exists a u € ng_q_l)(é) such that Ou = f in G.

Let D° = (¥, D;. Theorem 3’ implies the following;:
Corollary 3.1'. For every a € C(o a) (C™) such that da = 0 in C"™ and supp a C
ﬁo, where 1 < g < n — 1, there exists a u € C&iq_l)((C") satisfying Ou = a in C"
and suppu C D’

To prove Theorem 3, we need the following lemma.

Lemma 3.2. Let [ = (i1, -+ ,i,) and0 <y <n—-1, p+v<n—-1, p,v <k
If1<g<n—1-~, andiffECE’&q)(Z) is such that 0f =0 in A and f =0 in
Q\ Dy, there exists a g € C&iq_l)(Z) such that Og = f in A and g =0 in Q\ Dy.
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Proof.  We shall use induction on p for all 0 < v < n —1— u. For g = 0, this is
proved in Theorem 2 (since 1 < ¢ <n—1—+v and Dy = C™). We assume that the
lemma holds for 4 — 1, p > 1 and all admissible v, q.

It suffices to prove the assertion for I = (1,---,u), p>1, p+v <n—1and
0<y<n-1 Let f € Cf’dq)(Z),l <g<n-1-~,and f=0o0n Q\ D;. We
define J = (1,--- ,u— 1) if pu>2and J =g if u = 1. Let

Y
A =a\ ] Dy,
v=1
Then Jf = 0in A’ and f = 0 on Q\D,. By induction there existsa g’ € C5,_,) (A
such that

0 =f inA
and
¢ =0 inQ\Dy.

Setting A” = Q\ {D; U (U)_, Dj;,)}, one has dg’ = f = 0 in A” and ¢’ = 0 on

OQ\Dy.If ¢ > 2, since ((¢—1)+v+1) = ¢+ < n—1, we can again apply induction
to the set

vy vy
D[U(UDJJ‘V>:DJMU(UDJJ‘V>.
v=1 v=1

Thus there exists an b’ € Cloa—2) (ZH) such that

Oh' =g in A"
and

h':OinQ\DJ.

Extending A’ smoothly into A and denoting the extension by Fh', we set g =
g —EN. Then g e C _/(A), 9G=fin A',and g=0in A . We extend §
to A, as g by setting g = gin A’ and g =0in A\ A’. Since f =0in A\ A’, we
have g € C’f&q_l)(Z), 0g=fin Aand g =0in Q\ D;. Thus the lemma is proved
when ¢ = 2.

When ¢ = 1, ¢’ is holomorphic on Q \ D;. By Hartogs’ theorem, there exists
a holomorphic function h such that 9h = 0 in Q@ and h = ¢’ on Q\ D. Setting
G=¢g —hin A’, we have 0§ = f in A’ and § = 0 in A”. Repeating the arguments
as before, the lemma is proved for ¢ = 1 also. O

Proof of Theorem 3. We argue by induction on | I |= p.
When p = 0, this again was proved in Theorem 2. For u > 1,if f = 0 in A, we
have f = 0 on Q\ Dy. Thus writing D; = Dy, where I = (i1, ,i,-1), we can

use induction (since ¢ <n—2) tofinda V € C(O&q_l)(Q \ Dy) such that 9V = f on

Q\ D;. Extending V' smoothly into V in Q, we define fy = f — V. Then 0fo =0
in A and fo =0 on Q\ D;. Thus we can apply Lemma 3.2 to find a solution g in
A, and Theorem 3 is proved. |
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Corollary 3.1 follows easily, since & = OU in some large ball B ' containing each D;.
By Theorem 3, there exists a V' € Cg 1) (B\ Q) such that 0V = U. Extending

V' smoothly into V on B and setting u = U — 5‘77 we have proved the corollary
when 2 < ¢ <n —+v. When ¢q =1, it follows easily from Hartogs’ Theorem. O

III. APPLICATIONS TO THE LOCAL SOLVABILITY OF O

Let M be the boundary of a bounded smooth pseudoconvex domain 2 in C™.
Let w be a connected open subset of M with piecewise smooth boundary dw. By
this we mean there exist bounded domains D;, ¢ =1, ..., k, with smooth boundary
0D;, such that

k
w=Mn (ﬂDz),
=1

where 0D; and M intersect transversally wherever they intersect.

Definition. w is called a domain with admissible boundary Ow if the following
conditions hold:

H)Or=0n (ﬂle D;) is a bounded piecewise smooth pseudoconvex domain (as
defined in section I).

ii) For each 1 < i < k, the set Q¢ = QN (C™\D;) is equal to ) intersected with
a bounded smooth pseudoconvex domain.

We note that i) and ii) imply that Ow consists of smooth pieces which lie in
Levi-flat hypersurfaces. Examples of admissible boundaries are those defined by
real hyperplanes in C”.

Theorem 4. Let w C M be a domain with admissible boundary. For every Oy-

closed form o € CF (@), 1 <qg<n-—k—2, there exists a u € C&iq_l)(w) such
that

(4.1) Du=a nw.

Proof. Let & be a C™ extension of  to Q7 such that & € Coo (Q7) and O vanishes
to infinite order on w. Let

a; =0a for z 651,

and let &y be a C™ extension of a; to Q such that d&; vanishes to infinite order
on 0f) and

0y =0 on Q.
Let
ay =0a, forzeQ
and extend s to be zero outside . We have
daz =0 in C"
and

supp as C ﬁ;
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where Q¢ = Q \ Q;. Thanks to the assumption ii) and the equality Q$ = Ule 8,
we can apply Corollary 3.1 (when p = 1,7 = k) since ¢ + 2 < n — k. Thus there
exists a fy € C’f&qﬂ)((ﬁ”) such that
560 = (9 in C*
and
supp fBo C ﬁ;

Setting af = a1 — fp in 2, we have that o] is a O-closed extension of aq from Q;
to  and o} vanishes to infinite order on 9. Extending o} to be zero outside Q
and using Corollary 3.1 again, we see that there exists a Vj € CE’g’ 9 (C™) such that

OVp=a, in C"
and
supp Vo C Q.
Let

We have o’ € Cf () and

80/20 in Q],
o =a on w.

By Corollary 11 and the assumption i) for admissible domains, there exists a
U" € CF 4—1)(821) such that

oU' =o' in Q.
Restricting U’ to w and denoting it by u, we have du = o in w and u € C° ) ().

(0,q—1
This proves Theorem 4.

Remark. We note that the condition on the degree ¢ and k cannot be relaxed. Let
M be the unit sphere in C*, n >3, and M = {z| |21 + - + |2a]? = 1}. Let

w=Mn (ﬂ{z| %7 < ﬁ})

i=3
Then w is a domain with admissible boundary with £k = n — 2. We shall show that
Equation (4.1) is not solvable for ¢ = 1 in w. Let

_ TdEs — Tdn
(]2 + [22)

Then a € C§% (@) and dper = 0 in w. Let My = M N {z3 = 2(1_2),--- ) Zn =

—2(2_2) }. If a = Jyu for some u € C°°(w), then we have

/ adz1 Ndzg = OuAdzy Adzy = 0.
Mo MO
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On the other hand,

1
/ adzy Ndze = —/ {Eldzg — Egd?l}dzl A dzo
Mo 4z 24z l2=4

1

:—/ dz1 Ndza Ndzy A dze
2 Jjz 2t z)2< 4

£ 0.

Thus the condition on the number of intersection k cannot be removed.

On the other hand, if we take
w=Mn(({zl lal* <
i=4

where n > 4, then using Theorem 4 we can find a u € C°(@) satisfying Opu = a
in w.
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